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Let W .= 72, where Q: R — R is even, sufficiently smooth, and of faster than
polynomial growth at infinity. We establish L, Markov-Bernstein inequalities for
Erdés weights; for example,

WP W Ly < CQ @)l PWI )

-(2)

for all polynomials P of degree at most n and pe (0, ). Here a, is the
Mhaskar-Rahmanov-Saff number for W. More general inequalities with L, norms
replaced by integrals of convex functions are established, as well as estimates of L,
Christoffel functions. © 1991 Academic Press, Inc.

and

12

H (PW)x) <SCZIPW 1y

Ly(®)

1. INTRODUCTION

In recent years, the subject of weighted approximation associated with
weights W on R has received considerable attention [1, 13]. An essential
ingredient of this theory is Markov-Bernstein inequalities, which relate the
size of P'W to the size of PW, for polynomials P. Typically, the weights
considered have been Freud weights, that is, W:= e <, where Q is even,
and of polynomial growth at infinity. The archetypal Freud weights are
W(x):= exp(— |x|*), a>0.

The case where Q is of faster than polynomial growth at infinity was first
treated by Erdds in a related context [2], and so for such @, W=¢"2 is
called an Erdds weight. The approximation theory for Erdds weights has
received relatively little attention, primarily because the necessary estimates
(involving Christoffel functions and Markov-Bernstein inequalities) were
lacking.

Recent progress has partly filled in this gap [3, 4, 7, [1]. It is the aim
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of this paper to exploit this to prove Markov-Bernstein inequalities and
Christoffel function estimates in L, and more general spaces, with a view
to ultimately establishing Jackson—Bernstein approximation theorems.

Let W:= e~ 2 be a sufficiently smooth Erdds weight, and for u >0, let
a, be the uth Mhaskar-Rahmanov-Saff number for W, namely the root of
the equation

u=grath’(aut)(l—tz)“/z dt. (1.1)
Yo

The significance of a, is the Mhaskar-Saff identity

1PW = I1PW L[ for all polynomials P of degree <n.

(1.2)

san]?

We shall show that for 0 < p < o0, and all polynomials of degree at most »,

| P Ly(R) < CQ'(a,)l PW || Ly(R)

-(Z)
an

Here C is independent of » and P, and (in contrast to the Freud case),

Q'(a,)/(n/a,) increases to infinity (but more slowly than any power of n) as

n— 0.
In particular, the results apply to weights such as

and

1/2 n
SC— | PW| Lymy-

Ly(R) a,

u(P’ W)(x)

W(x) := exp(—expi(|x|*)),

where k> 1, a > 1, and exp, denotes the kth iterated exponential. To those
familiar with Freud weights, it is worth noting that Erdés weights are
similar to weights on a finite interval in that they display “endpoint effects”
that complicate matters.

Our results are stated in Section 2. Section 3 contains preliminaries and
a proof of the L, Christoffel function estimates. Section 4 contains the
proof of the Bernstein inequalities.

2. STATEMENT OF RESULTS

Throughout 2, denotes the class of real polynomials of degree at most
n. Furthermore, C, C,, C,, .., denote positive constants independent of #,
Pe2,, and xeR. The same symbol C or C; does not necessarily indicate
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the same constant in different occurrences. We use ~ as in [12]: We write
¢, ~d, if for some C,, C,>0,

C <c,/d, <Cy, n large enough.

Similarly we can define f(x)~ g(x).
Following is a suitable class of Erdds weights:

DEeFINITION 2.1. Let W:= e 9, where Q is even, continuous in R, 0"
exists in (0, 00), and Q’(x)>0, xe (0, ). Let

d
T(x) 1= 14xQ"(x)/Q"(x) =7 (xQ'(x))/Q'(x) (2.1)

be increasing in (0, c0) with

lim T(x)>1, (2.2)
fim 7(x)= oo, (2.3)
and for each &> 0,
T(x)=0(Q'(x)), x— 0. (2.4)
Assume further that
Q"(x)/Q'(x)~ Q'(x)/Q(x),  xlarge enough, (2.5)

and for some C >0,
197 (x)I/Q'(x) < C{Q'(x)/Q(x)}?,  xlarge enough. (2.6)
Then we say that W is an Erdds weight of class 3, and write We SE*(3).

Remarks. (a) Some of the results do not require of W all of the above.

(b) TItis (2.3) that forces Q to grow faster than any polynomial and
so W to be an Erdds weight in the usual sense. By contrast for the Freud
weight W(x)=exp(— |x|*), T(x)=«.

(¢) The condition (2.4) is a rather weak regularity condition, for one
typically has for each ¢>0,

T(x)=0({log Q'(x)}'*9), X = .
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(d) The class SE*(3) coincides with that in [11] and is a subclass of
SE(3) of [3]. It contains the most important Erdds weights

W(x) := exp(—expi(|x[)),
k>1,a>1, where
expy(x) := exp(exp( - - exp(x}))) (k times).

With extra effort, one can drop (2.2) and so also allow «>0. Another
example of a weight in SE*(3) is

W(x) := exp(—exp {log(4 +x?)}*),
a>1, A large enough.

An important special case of our results is:

THEOREM 2.2. Let We SE*(3). For n2 1, let a, be the positive root of
(1.1), and let

e (x):=11=x*+T(a,) ", xeR (2.7)

Let 0<p< oo and B>0. Then for nz1 and Pe 2,

x 1/2 n
u (P W)(x) o, (——) SC— || PW|l Lym)- (2.8)
gy Ly(R) a,
In particular,
[ P’W”LI,(R) < CQ'(a,)| PV Ly(R) (2.9)
and
x 21172 n
” (P'W)(x) 1—(—) SC— (| PW| 1 q)- (2.10)
Apn Ly(R) a,
We remark that
Q'(a)~=Tia)"  n>l, 211

n

so for “most x,” (2.10) is superior to (2.9). One may think of (2.10) as an
L, Bernstein inequality and of (2.9) as an L, Markov inequality: Their
classical cousins on [ —1, 1] are respectively [8]

”P,(x)(l _x2)1/2 “Lp[flsl]scn 'lP“Lp[‘Ll]’ PE%,



MARKOV-BERNSTEIN INEQUALITIES 305

and

’ 2
I P ”L,,[~1,1]scn ”P”L,,[f],l], PeZ,
In this connection, it is instructive to note that the function ¢,(x/agz,)"?
plays much the same role for Erdés weights, as does

hx):= (1=x)"+1/n, xe[—-1,1] (2.12)

for weights on [ —1, 1]. By contrast, for Freud weights, there is no need for
such a factor, as T(a,)~ 1, and Q'(a, )~ #n/a,.

The L_, analogue of (2.9) was obtained in [3, Theorem 2.6], [4, Theo-
rem 1.37] and shown to be sharp in the sense that

n
sup | PWY Lao(R)/” PW| Lo(R) ™ Q,(an) ~ ;_ T(an)l/2~

PeP, n

Nikolskii inequalities and (2.10) for p=o0 were obtained in [11,
Theorem 1.5]. We believe that Theorem 2.2 is sharp with respect to the
rate of growth of n.

We deduce Theorem 2.2 from

THEOREM 2.3. Let WeSE*(3) and {¢,} ., be as in (27). Let
¥ : [0, ©) = [0, ov) be continuous, convex, non-negative, and non-decreasing
with y(0+)=y(0)=0. Let 0 <p < o0 and B>0. Then for n=1 and Pe #,,

f: v ({I PWI(x) o, <~ax;)m}p> dx<C, j: " ({Czaﬁn IPWl(x)}p) dx.
(2.13)

A crucial role in our proofs is played by the following L, —Christoffel
function estimate:

THEOREM 2.4. Assume the hypotheses of Theorem 2.3. Fix [ 1. Then for
Pe?, and xeR,

¢(|PW|(x)qu,,( X

1/2 n o
) >< c, —j W(C, | PWI|(1)?) dr. (2.14)
aﬂn an —oc

Our method of proof is similar to that used in [6] or [8] for weights
on [ —1, 1. We remark that Theorems 2.2 and 2.3 remain valid if for some
fixed /> 1, we allow Pe Z,.
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3. PROOF OF THEOREM 2.4
Throughout the sequel, we assume that W=e¢ 2eSE*(3) and that
a,=a,(Q) is the root of (1.1) for u>0. Furthermore y: [0, c0) — [0, o)
denotes a continuous, convex, non-negative, and non-decreasing function

with Y(0+)=y(0)=0. We shall need several lemmas, the first listing
elementary estimates for a,, 7(a,), etc.:

LEMMA 3.1. (i) Given >0,

a,=0(n’) and T(a,) = O(n°), n - 0. (3.1)

(ii) Given distinct a, B> 0, we have

Ta,,)~T(ag,), n- o, (32)
lim a,,/a;,=1, (3.3)
and
[1—a,./ap,| ~T(a,)”!, n—o0. (3.4)
(i) For nz1,
n
Q'(a,)~ -~ Tla,)" (3.5)
(iv) Given fixed k, [ 2 1, and &, f > 0, we have uniformly for x € R and
nz1,

Pren (—x—) ~ P (i) (3.6)
Aon aﬂn

Proof. (i) First, a,=0(n°) is (3.19) in [3, p.19] or (2.20) in [4,
p- 201]. The relation

T(a,)=0(n")

follows from (2.25) in [4, p. 203] (note that y = T there).

(i) First, (3.2) follows from (3.44) in [3, p.23]. Second, (3.3)
follows from (3.18) in [3, p. 19]. Next, (3.4) is (2.8) in [7, p. 260].

(iii) This is (3.15) in [3, p. 18] for j=1.
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(iv) Recall first the definition (2.7) of ¢,. Then uniformly for xe R
and n>1,

ez -l-G)
(@) +<a,) { (3 Yl e
- )
(
g

+ T(akn

Q]R

T(aln) + CT(a;,) ™"

VAN

Q]k

) and (3 2))

{‘ x) +T(ay,) ‘}+c[.(i>z—1'+1]7‘(am)“
aBn aﬂn
X X
<efi-(Gp) |+ o f-con (G)-

Next, we need an L, infinite-finite range inequality:

LEMMA 3.2. Let O<p< o0, and let

logn \*?
4, = (ana )> . onxl (3.7)

Then there exists C >0, such that for n>1 and Pe P,
| PW|| L,,(Rz)S (1 +n72)||PWH Ll —an(1 + CAp), an(1 + CA)1° (3.8)

In particular, given r> 1, we have for nzn, and Pe %,,

IPW Ly SULARTWPW L o i (39)

Proof. The inequality (3.8) is a special case of Theorem 52 in [3,
p. 46]. Then (3.9) follows from the fact that (see (3.4))

arn/an —1 = CI/T(an) = CAn’
n large enough, by (3.1). |}

We shall use the above to prove an infinitefinite range inequality for
integrals involving a convex function ¢ instead of just pth powers. First, we
need:
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LemMA 3.3 (Nikolskii Inequality). Let O<p<co. For n=1 and Pe%,,
n 12 i
1PWI L m<C a_n T(a,) ”PW”L,,(R)- (3.10)
Proof. See Theorem 1.4 in [11]. |

LEMMA 3.4 (infinitefinite range inequality). Let feR, let n>0, s> 1,
and p> 0. Then there exists ny such that for n=n,, Pe%,, and

g(x):= [PW|(x) @.(x/a,)’,  x€eR, (3.11)
(a) (M Loy = N (&P 1t — (312)
(b) f l//(g"(x))dxs(1+a;1)ﬁ” U(g”(x)) dx. (3.13)

Proof- (a) In view of the continuity of y and the compactness of
{g(x): xe R}, we note that the sup’s in (3.12) are attained. Furthermore,
we see that (3.12) is equivalent to

Yl gL, ) =¥ gL ;- apa))
which in turn is equivalent to
I8l Lomy =1 &1 Lt~ appeam1- (3.14)
To prove (3.14), we note first that
F 8l oor—aman = C1T(@) PV NPW I L o a5 (3.15)
this being a consequence of the fact that
T(a,) ' <@ (x/a,)<Cyy x| <ay,. (3.16)

Next, choose d >0 such that 1+ 6 <s. Let (u) denote the greatest integer
<u. Then as

P(x) X € 2, (505,

the Mhaskar—Saff identity (1.2) ensures that for x| >a,,,

| P(x) x<* W(x)| <max {| P(1) £ W) 2 [t <ay s cony s
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so that
g(x) = PW|(x) ¢,(x/a,,)’

Ayt on> on
n n
s(———) PW i ooy @alxfy)?

[x]
4 con 2181
a, {én) |x|

< C3< |+X| ) ” g” L[ —agm, asm] T(an)‘ﬂl (Z“)
(by (3.15))
An(1 1 5) <on> =216

<C4< ] > &l aman Tl@n)'

Now in view of (3.4),

a (on3/2—21B]
( n(1+6)> T(a )|ﬂ1
h

[x]

(ony/2 ~218|

(an(1+6)> " g T(a )Iﬁl

n
a.W’l

N

(1~ Cs/T(a,))*" T(a,)""

<
sexp(—C;n/T(a,) + | B| log T(a,)) -0,

as n— oo, in view of (3.1). Thus,

Qi1+ 8) o
gx)s|\—— I &1 2ot - agnranes (3.17)
| x|

for | x| = a,, and n>=n,. Then (3.14) follows.

(b) Let 14+8<s <s. We apply (3.17) to t“P(¢), where L is a fixed
positive integer chosen so that Lp >4, and with s’ replacing s. Then (3.17)
yields, for |x|>a,,, 1y

|X|L | PW(x) (pn+L(x/an(n+L))B

a (8(n+L)>/2
< ( (n+ L)1 +&))
=

| x]

X max { l tL(PW)(tH (pn+ L(t/ar](n+ L))ﬂ: | t| < as'(n+ L)}'
Using (3.6) and the fact that

Ayin+ 1) S Aoy nzng,

640/65/3-5
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we obtain, for [x|>a

sn»

g(x) < Cq <M+_"_) [ x| E T(a,,)'ﬂl

[ x|

xmax {| t"(PW)(t)| : |t|<a,, .}

1/p
517 Tta) " {2 700,

n

)((S(H + L}>/2

Qin+ L)1+
ch< (n X )

((n+L)>/2
| x| >

X “ tL(PW)(t)”Lp[—az,,,az,,]
(by Lemma 3.3 and (3.9) of Lemma 3.2)

a
(n+ L)Y(1+6)
< (Hettien

x|
anzn

S oG

for n=n,y, where we have used (3.1) to estimate a,, and T(a,) and have
used Lp > 4. Now

n

{S(n+L)>)2
) n

14 1/p
(1 +(xt)2)2dt] ,

am ay | x| 1
jz (1+(xt)2)*2dt=——1—J' (+1) 2 du~es, (318)

—an le —ay | x| I |

as | x| > a,,. Furthermore, exactly as before (3.17), we see that for any fixed
A e R, and uniformly for |x|>a

sn?

a
T(an)A< ) n'—0  as n- o0.

[ x|

) {d(n+ L)»/2

Hence for n > n,,

an

" el (1 + (1)) 2 de

2n

[™ 1+

—an

]

g(x)’' <

Applying Jensen’s inequality, (see, for example, [14, p.24]) yields for
| x| 2 a,,,

Lp

"z

2n
j“z" (1+ (xt)?) 2 dr

—d2n

| g(t)l") (1+ (xt)*)"*dt

Y(g(x)) <
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Now as y is convex, we have, for ue [0, ©) and 0<y <1,

Yluy) =y (uy +0(1 =) <¥(u) y + ¥ (0)(1 —y) =y (u) y.

Applying this and (3.18) yields

Lp

t | x|

T

WM <Cal wieor) |-

—axn

2n

Since

| x| 2 o u
7 ax== — 7 4
Lx.zam(w(xt)zvd" ﬂLMm(HuZ)Z !

| o

© oy
-[0 (1+u?)? o,

~N

<
t

and since Lp >4, we obtain, on integrating for | x| >a,,,

J

x| = am —am

2n

Then (3.13) follows. |

am Lp—2
Wet)) dx< Caa,? [ i) ()7

311

(3.19)

LeMMA 3.5. Let feR and p, A>0. There exists R,e?,_, n=1, such

that uniformly for n>1 and | x| < Aa,,,

R,(x)~ @ ,(x/a,,)".

(3.20)

Proof. We remark that we can actually choose R, to be of degree O(n*®)

for each £¢>0. Let

ho(z) = ((1 =2%)* + T(a,) *)*?,

with branches chosen so that 4,(z) is positive for z e R. The branchpoints

lie where
1—2z2=+iT(a,) ",
or equivalently,

i

3+ OT@) ™)

z=4+1+4+
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In any event, we may assume that the plane is cut so that 4,(z) is analytic
in the strip

S={z:|Imz| < (4T(a,)) "'},

for n=n,. Let I, be the ellipse with foci at + 4, and minor semi-axis (that
is, intercept on the positive y-axis) equal to

m _1ip, A4
n“ZA ,0,,’

pui=A(1+T(a,)?).

where

Then

m,=T(a,) >+ O0(T(a,) *), n— .

In particular, for n large enough, %, contains I, and for some C> 0,

max | h,(1)*!| < CT(a,)'"".
tely

Further, if 7,(z) denotes the usual Chebyshev polynomial of degree » on
[—1, 1], then

min | 7,(1/4)] 2 C(p,/4)" = exp(C,n/T(a,)?)

tely

>exp(n'?),

n large enough, by (3.1). Now, let L,(z) e #,_, be the Lagrange interpola-
tion polynomial to 4,(z) at the zeros of T,(z/4). By the usual Hermite
error formula, we have, for ze [ — 4, 4],

1 f h (1) T,(z/A) dt
2miir, t—z T,(1/4) h,(2)

<C,T(a,)*"* e~ /min |1 —z|

tely,

<C,4 T(a,,)z 1Bl +2 g—nlf? -0,

[L(2)/h,(z)—1]=

n— o, by (3.1). Letting
R,(x):= Ly(x/a,),



MARKOV-BERNSTEIN INEQUALITIES 313

we have, for n>n, and |x| < da,,,

R,(x)~ ho(x/a,,) ~ @ (x/a,,).
Since @, ~ 1, n<ngy, we can choose R,=1 for n<n,. |

We can now prove a special case of Theorem 2.4:

LEMMA 3.6. Let p>0, I=1, and A>0. Then for nz1, Pe%,, and
‘x|<Aa3lns

|PWI(x)? gu(x/a) < C [ 1P (1) dr. (3.21)

n > —a3n

Proof. 1f 4,(W? x) denotes the nth Christoffel function for W2,

L,(W, x):= min jw (PW)? (1) di/P*(x),

Pe?,

then Theorem 1.2 in [7, p. 258] shows that

172 n
+ T(dn)*l/z] < Cl a—

n

sup A (W2, x) WA(x) H - (5—)2

xeR n

Since uniformly for xe R and n> 1

1/2 21172
o(5) ~[[-(G) |+
a, a,
we obtain
x\172 n
sup A7 (W2, x) Wi(x) o, (;) <C, - (3.22)
xeR n n

Then the definition of the Christoffel function ensures that, for each
Pe? _, and xeR,

(PW) () 9,(xfa)' 2 < C - [ (PWR(dr (323)

n¥—o©

Now let us choose a positive integer k such that 2k >p. Note that
W*e SE*(3) and that a,,(W*) (the nkth Mhaskar-Rahmanov-Saff num-
ber for W*) equals a,(W). This is a direct consequence of (1.1).
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Let Pe #,,_,. Applying (3.23) to W* and P*e %, _, yields, for xe R,

(PW)* (x)q)z,,,( il )1/2<62["kj°° (PW)* (1) dt,

2in Ay ¥ -

and by (3.6) and (3.9),

WP e, (1) <c 2" w24

n n " —a3n

for Pe %, and xeR. Next, by Lemma 3.5, we can find R,eZ,_,, n>1,
such that

x \ (2K = p)/(4kp)
) 5 le < Aa3ln'

Rn(x) ~ Py <a—

n

Applying (3.24) to PR, %, _;, where Pe &, yields, for | x| < Aas,,

x \ (Bk=p)(2p)+ 172
(PW)* (x) @, <—)
a'l
aspn ¢\ —p)2p)
<a =" (w0, (—) d.
n " —dimn a"

Then

x \ /@p) 2k
max {(PWI3) 00 () s3] < A

n

N £\ 12p)) 2 —p
<c.2[" ipwro{immoe,(5) | e

n " —ain n

n (% t 1/(2p) 2k —p
scz—j IPW!”(t)dtmax{lPW!(z)go,,(;—) :ItléAay,,} .

n " —ain n

Hence (3.21). |
Recall that if

U(x):= (1_x2)—1/2’ xe(—1’1)7

is the Chebyshev weight, then py(v, x) := =~ and

2 1/2
palo, %) i= (;) T,(x) >l
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are the associated orthonormal polynomials. The nth kernel function is

-1

Kn(v’ X, l) V= nz pj(v’ X)Pj(U, t)a

j=0
and it satisfies
K@, x,x)~nn=zl,xe[—-1,1], (3.25)
| K, (v, x, )i <Cm,nz1,x,te[-1,1], (3.26)
1
j K2(v, x, 1) (1) dt = K, (0, x, x), (3.27)
—1

and
1
f Ko, x, ) dt~n(]1 —x*[Z 401,  nxlxe[—1,1]. (3.28)
1

For (3.25) and (3.26), see [12, p. 108]. Of course (3.27) is a direct conse-
quence of the orthonormality relations. For (3.28), see Theorem 2.2 in [5].
Using Lemma 3.6, we can now prove:

LemMa 3.7. Let p>0, 121, A=21, and O0<s< A. Let L be the least
integer = 2/p, and let

p:=3(+L). (3.29)

(a) Then forn=1, Pe?,, and | x| < Aa,,,

V2 O e
lPWl”(x)q)n(i) < j lPW}"(t)Kﬁ(u,—)f—,——t~>dt. (3.30)
a, na,l g, Aa,, Aa,,

(b) Forn>=1, Pe?,, and | x| <sa,,,

1/2
|PWI (x) @, (ai)

n
jAaﬂn

— Aapn
S

» 2 X t
() | PWI(1))” K- (u, — ——Aam) "

Aapn X t
I Crebrm
— Aapn apn apn

Proof. (a) We apply Lemma 3.6 to

(3.31)

t
" Aa

X
P(t)K;I; (U,A—a— )e'%n«#Ln’
pn pn
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for fixed | x| < A4a,,. For | x| < Aa,,, Lemma 3.6 yields

pns

1/2
'PWIP (x) K'I;p (U, __x_’ _x_) O, (_)_C.)

Aa,, Aa,, a,

f_ o /4 Lp _i_ !
<claj |PWI (1) K27 (0 dt

*
n ¥ —ap Qpn Aapn

Qpn t
sczﬁnLP-Z[ " PW) (1) K <u,AL,Z‘—1—> dr,
pn pn

n —apn

by (3.26). Dividing by KX(v, x/Aa
(b) Now

Aapy X ¢ L X
g ’ Aa d =A KZ T d ~ayn, 33
LA‘,MK,, (U Aaﬂn,Aapn) t Ay, J_l ,,(v, Aa,, u) u~a,n (3.32)

by (3.28) for |x|<sa,,, which implies |x/(Aa,,)| <s/A <1. Then (3.30)
yields (3.31). }

x/Aa,,) and using (3.25) yields (3.30).

pns

Proof of Theorem 2.4. Applying Jensen’s inequality to (3.31) (and using
(3.6)) yields, for |x| <sa,,,

x \172
l//<IPW|”(X)<Pn(3B—) )

Aapn X t
P 2
[ e pwior18 (s 1) a
JAAa,,,,

X t
& (0 )
— Aap, Aap,, Aap,,

n rAap
<G |77 wL(Cy 1 PWI) T de =2,

n ¥ —Aap,

=

by (3.26) and (3.32). We may choose 4 >1 and s= 1. Then, we have, as
p =3l

X 1/2
max |//[|PW|"(x)<p,,<—> ]SJ.

| x| < asp ag,

By Lemma 3.4(a), we have

x 1/2
max ¥ [IPWI" (x) @, <a—) ]<J- |

pn



MARKOV—BERNSTEIN INEQUALITIES 317
4. PROOF OF THEOREMS 2.2 AND 2.3

LEMMA 4.1. Let a >3 Then there exist C >0 and ny such that for n > n,
and Pe 2,

x 2 n X a—1/2
max | P'W|(x) @, (a_) < C—max |PWi(x) ¢, (5—) .4
xeR

n a, xeR n

In particular,

n
IPW < Cr T(a,)" | PW Il g)- (4.2)

Proof. First, (4.1) is Theorem 1.5 in [11]. Then (4.2) (which is
Theorem 1.3 in [4, p. 191]) follows. [

LEMMA 4.2. Let p>0,[=1, and let L be the least even integer >2/p and
p be given by (3.29). Let 0<s< 1. Then for nzny, Pe %, and | x| <ay,,,

12y p 1/2
{|P’W|(x)<o,,(§) } w(a—’i)

SC;(nan)ﬂJaan (_”_,Pwuz))ng(u,ai,i)dt. (4.3)

~dpn n pn pn

Proof. By Lemma 4.1 with a=(1/2)+(1/2p), for Pe #, and xR,

1/2y p 1/2 P 1/2
{tP'Wuxm(aﬁ) } cp(;}) C(f) max|PW|P(t)<p,,(i)

a, teR n

N

a .

n

<C, (1>p+1 jm | PW|” (1) dt, (4.4)

by Theorem 2.4. Now we apply this to

1
P(t) Kﬁ (U’ —x-’ —>€'%n+Ln’

pn pn

where Pe 4, and |x|<a,, is fixed. Let us set

n—1
K;l(v’ X, t):: pj(v’ x)p_;(v, t)'

j=0

640/65/3-6
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Then (4.4) yields
(P'(x)Ks(m»x—,i)w(x)LKﬁ-l(v,i i)K’( X x)/ap,,
A, Ay a,’ a a,,’ a

¥ 124 p X 1/2
X{W(x) ‘P(1+L)n< ) } (P(1+L)n< )
A4 Lyn Ay 1yn

l r+1
<c2<( +L)”) j |PW[”(t)KL”< a ,—’—)dz.
_ a,, a,,

a(l+ L)yn pn

Dividing by K2” (v, x/a,,, x/a,,)~n"” and using (3.3), (3.6), and (3.9),
yields for Pe %, and | x| <a

pns

.P’(x)+P(x) LK ! (v, —x—, _x_) K, (v, i, i)/ap,,
a,,’ a Apn App
12
free ()Y ()"
n p+l —1p ap
<afg) ]

p+1 pn
<C4<—"—> n’sz |PW|”(t)Kf,(v,a—x—,—t—>dt, (4.5)

a, pn Qpn

P

" PWI (1) Ks"(u,—"—,i) d

Apn Qpn

—dpn

—apn

by (3.26) and as Lp>2. Next, we note that by Bernstein’s classical
inequality [1], for |x/a,,| <1,

2
-G et
apn apn apn
Then (4.5) and (3.25) yield, for [x| <a,,,
X\ 2y 2 x\ 172
{iPwire,(2) 1 on(2)
n/ ) A,

Qpn n P !
<Cy(na,) " | (a—ppwm)) Kﬁ(v,;x—,a—> dr
—apn pn pn pn

172y p 1/2 » 2
cfimee(2) o (2) () 1-(2)

1,41, (4.6)

1/2
< Csn>.

-p/2
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x 2
()
A pn
(o)
a,,
2 2
() ()
A, a,n
we obtain

X\ n\?
12<C8|PW|”(x)qo,,<a—) <—‘)

n an

<C9(na,,)’lrpn (-n—lPWI(t))pK,Z, <v, x, ! )dt,

pn a pn on

say. Next, note that for | x| <a
2
o))

a, a,,

Since

spns

~ @y
a,,

=1+ [T(an)

-1

? C7/T(an)a

(by (3.6))

—apn

by (3.30) of Lemma 3.7, with 4=1. Together with (4.6), this yields
4.3). 1

Proof of Theorem 2.3. Now let /=1 and p be given by (3.29), and let
0<s<1. Then for n2n, and | x| <a,,,

Apn f
I K2 (u, a , ——) dt
a,’ a

—4pn pn pn

1 5 X
=a,,,,J K, \v,—,u)du
1 a,,

x \2
~na,||1—{—
a,,
x \2|12 x \ 172 x\ 172
1—{— ~Na, O\ —— ~Nna, P, — >
apn apn a,

since |1 — (x/a,,)*| = C/T(a,)>n"?2 and by (3.6). Then we deduce from

{ ) <aﬂn> | }

[ (Czi |PW|(:))F K
7}

—~a
pn n
s

1/2
+n1) (by (3.28))

~na,

X
~ | —
=
\Sik
=
Q
= A N
3
\_/
&
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for n>ny, Pe#,, and | x| <a,,,. Applying Jensen’s inequality yields

v ({iPmice, (a—’;—) /})
Lol el

) sl

Integrating for x from —a,,, to a,,,, and using

apn t 2
" k(no)i-(2)
a,, a a,,

—dpn pn pn
1
=q f K2(vu—t—-)|1—u2]1/2du
on . n > 9a

— on

-1/2

dx

{ t
=a,,K, (v, —_—, ——) < Cyna,

pn Yon

(see (3.27) and (3.25)), we obtain

(vl G) )«

<.[” v({etiemio})a

for all Pe 2,. Here we may choose se (0, 1) so that
spn=s3(1+ L) n=Sn,
with S> 1. Then (3.13) yields (2.13). |
Proof of Theorem 2.2. First, (2.8) is the special case y(¢)=1¢ of (2.13).

Since

X 172
on (—) > C,/T(an)",
aﬂ,,
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and

’ n 1
Q (an)~;; T(a,)"”

(see (3.5)), we can then deduce (2.9). Since

172

b

¥ \172 ¥ \2
Pp| — > 1_
Agp Qgn

(2.10) also follows. |
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